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Introduction

In 1734, Leonard Euler solved the Basel problem by showing that

𝜁 (2) =
∞∑︁
𝑛=1

1
𝑛2 = 1 + 1

22 + 1
32 + · · · = 𝜋2

6
.

This was subsequently generalized to

𝜁 (2𝑘) = (−1)𝑘+1 (2𝜋)2𝑘

2(2𝑘)!𝐵2𝑘 ,

where 𝐵𝑚 is the 𝑚’th Bernoulli number satisfying

𝐵0 = 1, 𝐵𝑘 = − 1
𝑘 + 1

𝑘−1∑︁
𝑚=0

(
𝑘 + 1
𝑚

)
𝐵𝑚.
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Leonard Euler Karl Weierstrass
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Euler’s solution

Define

𝐹 (𝑥) = sin 𝑥
𝑥
, 𝐹𝑁 (𝑥) =

(
1 − 𝑥2

𝜋2

) (
1 − 𝑥2

22𝜋2

)
· · ·

(
1 − 𝑥2

𝑁2𝜋2

)
.

Euler claimed that 𝐹𝑁 (𝑥) → 𝐹 (𝑥) as 𝑥 → +∞.

𝐹𝑁 (𝑥) = 1 −
(

𝑁∑︁
𝑛=1

1
𝑛2𝜋2

)
𝑥2 + higher order terms

Therefore, the coefficient of 𝑥2 in 𝐹 (𝑥) should be

lim
𝑁→+∞

−
(

𝑁∑︁
𝑛=1

1
𝑛2𝜋2

)
= − 𝜁 (2)

𝜋2 .
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Euler’s solution

By Taylor’s expansion, we know

sin 𝑥 = 𝑥 − 𝑥3

6
+ higher order terms,

so
𝐹 (𝑥) = sin 𝑥

𝑥
= 𝑥 − 𝑥2

6
+ higher order terms,

which means
− 𝜁 (2)
𝜋2 = −1

6
⇒ 𝜁 (2) = 𝜋2

6
.
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Remark on Euler’s solution

Euler took 𝐹𝑁 (𝑥) → 𝐹 (𝑥) for granted. The first rigorous proof was due to
Karl Weierstrass via complex analysis:

Theorem (Weierstrass)
Let 𝐹 : C → C be analytic with zeros 𝑎1, 𝑎2, . . . counted with multiplicity and
𝐹 (0) ≠ 0. If

1
|𝑎1 |2

+ 1
|𝑎2 |2

+ · · · < ∞

then there is some analytic 𝑔 : C → C such that

𝐹 (𝑧) = 𝑒𝐺 (𝑧)
∞∏
𝑛=1

(
1 − 𝑧

𝑎𝑛

)
𝑒𝑧/𝑎𝑛 .
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Rigorous proof

Observe that 𝐹 (𝑧) = (sin 𝑧)/𝑧 is analytic on C and has zeros only at

𝑧 = 𝜋,−𝜋, 2𝜋,−2𝜋, 3𝜋,−3𝜋, . . .

and
1

(𝜋)2 + 1
(−𝜋)2 + 1

(2𝜋)2 + 1
(−2𝜋)2 + · · · < ∞,

so we use Weierstrass’s theorem to conclude that

𝐹 (𝑧) = 𝑒𝐺 (𝑧)
∞∏

𝑚=1

(
1 − 𝑧

𝑚𝜋

)
𝑒𝑧/𝑚

∞∏
𝑛=1

(
1 − 𝑧

−𝑛𝜋

)
𝑒−𝑧/𝑛

= 𝑒𝐺 (𝑧)
∞∏
𝑛=1

(
1 − 𝑧2

𝑛2𝜋2

)
:= 𝑒𝐺 (𝑧)𝐻 (𝑧).
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Rigorous proof

𝐻 (𝑧) =
∞∏
𝑛=1

(
1 − 𝑧2

𝑛2𝜋2

)
, 𝐹 (𝑧) = 𝑒𝐺 (𝑧)𝐻 (𝑧).

Since 𝐻 (0) = 𝐹 (0) = 1, we take 𝐺 (0) = 0. It can be shown that
|𝐹 (𝑧)/𝐻 (𝑧) | ≤ exp( |𝑧 |1.01) as |𝑧 | → +∞, so ℜ[𝐺 (𝑧)] ≤ |𝑧 |1.01.

Theorem (Borel–Carathéodory)
Let 𝐺 : C → C be analytic with 𝐺 (0) = 0. If ℜ[𝐺 (𝑧)] ≤ |𝑧 |𝑠 for some 𝑠 > 0,
then 𝐺 (𝑧) is a polynomial of degree ⌊𝑠⌋.

By this theorem, 𝐺 (𝑧) = 𝐴𝑧 for some 𝐴 ∈ C. Because 𝐹 (𝑧)/𝐻 (𝑧) is even, we
conclude 𝐴 = 0, so

𝐹 (𝑥) = sin 𝑥
𝑥

=

∞∏
𝑛=1

(
1 − 𝑥2

𝑛2𝜋2

)
= 𝐻 (𝑥).
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Sum of powers

Define 𝑆𝑝 (𝑛) as

𝑆𝑝 (𝑛) = 1𝑝 + 2𝑝 + · · · + 𝑛𝑝 =

𝑛∑︁
𝑘=1

𝑘 𝑝 .

Then

𝑆0(𝑛) = 𝑛, 𝑆1(𝑛) =
𝑛(𝑛 + 1)

2
, 𝑆2(𝑛) =

𝑛(𝑛 + 1) (2𝑛 + 1)
6

.

Generalizations?
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Faulhaber’s formula

Johann Faulhaber Jacob Bernoulli
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Faulhaber’s formula

In the 17th century, Johann Faulhaber derived formulas for 𝑆𝑝 (𝑛) for
𝑝 ≤ 17. In 1713, Jacob Bernoulli introduced Bernoulli numbers 𝐵𝑚 and
showed that

Theorem (Bernoulli)
For 𝑝, 𝑛 ∈ N, there is

𝑆𝑝 (𝑛) =
1

𝑝 + 1

𝑝∑︁
𝑚=0

(
𝑝 + 1
𝑚

)
(−1)𝑚𝐵𝑚𝑛

𝑝+1−𝑚.
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Proof of Faulhaber’s formula

The most efficient proof is through generating functions:

𝐸 (𝑥) =
∞∑︁
𝑝=0

𝑆𝑝 (𝑛)
𝑝!

𝑥𝑝 .

By interchanging order of summation,

𝐸 (𝑥) =
𝑛∑︁

𝑘=1

∞∑︁
𝑝=0

(𝑘𝑥) 𝑝
𝑝!

=

𝑛∑︁
𝑘=1

𝑒𝑘𝑥 = 𝑒𝑥 · 𝑒
𝑛𝑥 − 1
𝑒𝑥 − 1

=
𝑒𝑛𝑥 − 1
𝑥

· −𝑥
𝑒−𝑥 − 1

.
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Proof of Faulhaber’s formula
Definition
Define 𝑚’th Bernoulli number 𝐵𝑚 as the coefficient of

𝑦

𝑒𝑦 − 1
=

∞∑︁
𝑚=0

𝐵𝑚

𝑚!
𝑦𝑚.

Thus, we have

𝑒𝑛𝑥 − 1
𝑥

· −𝑥
𝑒−𝑥 − 1

=

∞∑︁
𝑘=0

𝑛𝑘+1𝑥𝑘

(𝑘 + 1)!

∞∑︁
𝑚=0

(−1)𝑚
𝑚!

𝐵𝑚𝑥
𝑚.

By comparing coefficients,

𝑆𝑝 (𝑛)
𝑝!

=
∑︁

𝑚,𝑘≥0
𝑚+𝑘=𝑝

(−1)𝑚𝐵𝑚!𝑛𝑘+1

𝑚!(𝑝 + 1 − 𝑚)! .
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Proof of Faulhaber’s formula

By comparing coefficients,

𝑆𝑝 (𝑛)
𝑝!

=
∑︁

𝑚,𝑘≥0
𝑚+𝑘=𝑝

(−1)𝑚𝐵𝑚!𝑛𝑘+1

𝑚!(𝑘 + 1)! .

Rearranging gives

𝑆𝑝 (𝑛) =
𝑝∑︁

𝑚=0

𝑝!
𝑚!(𝑝 + 1 − 𝑚)! (−1)𝑚𝐵𝑚𝑛

𝑝+1−𝑚

=
1

𝑝 + 1

𝑝∑︁
𝑚=0

(
𝑝 + 1
𝑚

)
(−1)𝑚𝐵𝑚𝑛

𝑝+1−𝑚.

How to compute 𝐵𝑚?
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Computation of Bernoulli numbers

Note that
1 =

𝑒𝑦 − 1
𝑦

· 𝑦

𝑒𝑦 − 1
,

so we have

1 =

∞∑︁
𝑘=0

𝑦𝑘

(𝑘 + 1)!

∞∑︁
𝑚=0

𝐵𝑚

𝑚!
𝑦𝑚.

Comparing coefficients gives

𝑝∑︁
𝑚=0

(
𝑝 + 1
𝑚

)
𝐵𝑚 =

{
1 𝑝 = 0,
0 𝑝 > 0.
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Recursive formula for 𝐵𝑚

𝑝∑︁
𝑚=0

(
𝑝 + 1
𝑚

)
𝐵𝑚 =

{
1 𝑝 = 0,
0 𝑝 > 0.

Let 𝑝 = 0, so 𝐵0 = 1. For 𝑝 > 0

(𝑝 + 1)𝐵𝑝 +
𝑝−1∑︁
𝑚=0

(
𝑝 + 1
𝑚

)
𝐵𝑚 = 0,

so we have for 𝑝 > 0 that

𝐵𝑝 =
−1
𝑝 + 1

𝑝−1∑︁
𝑚=0

(
𝑝 + 1
𝑚

)
𝐵𝑚.

Computation gives 𝐵1 = − 1
2 , 𝐵2 = 1

6 , 𝐵3 = 0, and 𝐵4 = − 1
30 .
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Formula for 𝜁 (2𝑘)

In this section, we prove the formula for 𝜁 (2𝑘) by expressing cot 𝑥 in two ways:

cot 𝑥 =
1
𝑥
− 2

∞∑︁
𝑘=1

𝑥2𝑘−1

𝜋2𝑘 𝜁 (2𝑘) = 𝑖 + 2𝑖
𝑒2𝑖𝑥 − 1

.

Then, the result is proved by comparing coefficients with

𝑦

𝑒𝑦 − 1
=

∑︁
𝑚≥0

𝐵𝑚

𝑚!
𝑦𝑚.
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Expression of cot 𝑥 via 𝜁 (2𝑘)

Taking logarithms on both sides of

sin 𝑥
𝑥

=

∞∏
𝑛=1

(
1 − 𝑥2

𝑛2𝜋2

)
gives

log sin 𝑥 = log 𝑥 +
∞∑︁
𝑛=1

log
𝑛2𝜋2 − 𝑥2

𝑛2𝜋2 .

Differentiating gives

cot 𝑥 =
1
𝑥
+

∞∑︁
𝑛=1

− 2𝑥
𝑛2𝜋2

1 − 𝑥2

𝑛2𝜋2

.
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Expression of cot 𝑥 via 𝜁 (2𝑘)

cot 𝑥 =
1
𝑥
− 2
𝑥

∞∑︁
𝑛=1

𝑥2

𝑛2𝜋2

1 − 𝑥2

𝑛2𝜋2

.

From the geometric series formula,

𝑥2

𝑛2𝜋2

1 − 𝑥2

𝑛2𝜋2

=

∞∑︁
𝑘=1

𝑥2𝑘

𝑛2𝑘𝜋2𝑘 ,

so there is

cot 𝑥 =
1
𝑥
− 2
𝑥

∞∑︁
𝑛=1

∞∑︁
𝑘=1

𝑥2𝑘

𝑛2𝑘𝜋2𝑘 =
1
𝑥
− 2

∞∑︁
𝑘=1

𝑥2𝑘−1

𝜋2𝑘

∞∑︁
𝑛=1

1
𝑛2𝑘︸  ︷︷  ︸

𝜁 (2𝑘 )

.
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Expression of cot 𝑥 via Bernoulli numbers

By Euler’s identities,

cos 𝑥 =
𝑒𝑖𝑥 + 𝑒−𝑖𝑥

2
, sin 𝑥 =

𝑒𝑖𝑥 − 𝑒−𝑖𝑥
2𝑖

,

we can rewrite cot 𝑥 into

cot 𝑥 = 𝑖 · 𝑒
𝑖𝑥 + 𝑒−𝑖𝑥
𝑒𝑖𝑥 − 𝑒−𝑖𝑥 = 𝑖 · 𝑒

2𝑖𝑥 + 1
𝑒2𝑖𝑥 − 1

= 𝑖 · 𝑒
2𝑖𝑥 − 1 + 2
𝑒2𝑖𝑥 − 1

= 𝑖 + 2𝑖
𝑒2𝑖𝑥 − 1

,

so there is

cot 𝑥 = 𝑖 + 1
𝑥
· 2𝑖𝑥
𝑒2𝑖𝑥 − 1

= 𝑖 + 1
𝑥

∞∑︁
𝑚=0

𝐵𝑚

𝑚!
(2𝑖𝑥)𝑚.
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Completion of proof

Equating two expressions for cot 𝑥 gives

1
𝑥
− 2

∞∑︁
𝑘=1

𝑥2𝑘−1

𝜋2𝑘 𝜁 (2𝑘) = 𝑖 + 1
𝑥
· 2𝑖𝑥
𝑒2𝑖𝑥 − 1

= 𝑖 + 1
𝑥

∞∑︁
𝑚=0

𝐵𝑚

𝑚!
(2𝑖𝑥)𝑚,

so by matching the coefficients of 𝑥2𝑘−1, we have

−2𝜁 (2𝑘)
𝜋2𝑘 =

𝐵2𝑘
(2𝑘)! (2𝑖)

2𝑘 = (−1)𝑘 22𝑘𝐵2𝑘
(2𝑘)! .

𝜁 (2𝑘) = (−1)𝑘+1 (2𝜋)2𝑘

2(2𝑘)!𝐵2𝑘 .
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Apéry’s Theorem

In June 1978, Roger Apéry spoke at Journées Arithmétiques de
Marseille-Luminy to present his proof of

Theorem (Apéry, 1977)
𝜁 (3) is irrational.

Apéry’s proof was based on a carefully constructed series that converges to
𝜁 (3) rapidly. In 1979, Frits Beukers gave a simpler proof based on a carefully
designed double integral.
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Irrationality and rational approximation

If 𝑥 = ℎ
𝑘
∈ Q, then for any 𝑝

𝑞
∈ Q \ {𝑥}, there is����𝑥 − 𝑝

𝑞

���� = |ℎ𝑞 − 𝑝𝑘 |
𝑘𝑞

≥ 1
𝑘𝑞
.

This provides the following criterion for irrationality:

Theorem (Dirichlet)
Let 𝑥 ∈ R. If there exists some 𝛿 > 0 such that there are infinitely many 𝑝

𝑞
∈ Q

such that 𝑝, 𝑞 are coprime and ����𝑥 − 𝑝

𝑞

���� < 1
𝑞1+𝛿 ,

then 𝑥 is irrational.
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Outline of proof

We use Beukers’s method for simplicity.

Step 1: Integral for 𝜁 (3): for 𝑓 ∈ Z[𝑥] of degree 𝑛,

𝐼 ( 𝑓 ) =
∫ 1

0

∫ 1

0

log(𝑢𝑣)−1

1 − 𝑢𝑣 𝑓 (𝑢) 𝑓 (𝑣)d𝑢d𝑣 =
𝐴𝜁 (3) − 𝐵

𝐷3
𝑛

for 𝐴 ∈ Z \ {0}, 𝐵 ∈ Z, and 𝐷𝑛 = lcm(1, 2, . . . , 𝑛).

Step 2: If 𝜁 (3) = ℎ
𝑘

, then

1 ≤ |𝐴ℎ − 𝐵𝑘 | = 𝑘𝐷3
𝑛 |𝐼 ( 𝑓 ) |.

Step 3: Find some 𝑓 ∈ Z[𝑥] such that 𝑘𝐷3
𝑛 |𝐼 ( 𝑓 ) | < 1, so there is a

contradiction.
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Step 1: 𝐼𝑟,𝑠 and 𝐽𝑚,𝑛

It suffices to study

𝐼𝑟 ,𝑠 =

∫ 1

0

∫ 1

0

log(𝑢𝑣)−1

1 − 𝑢𝑣 𝑢𝑟𝑣𝑠d𝑢d𝑣.

From the formula of geometric series, we have

1
1 − 𝑧 =

∑︁
𝑘≥1

𝑧𝑘−1 ⇒ 𝐼𝑟 ,𝑠 =
∑︁
𝑘≥1

𝐽𝑘+𝑟 ,𝑘+𝑠,

where

𝐽𝑚,𝑛 =

∫ 1

0

∫ 1

0
𝑢𝑚−1𝑣𝑛−1 log(𝑢𝑣)−1d𝑢d𝑣.
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Step 1: Evaluation of 𝐽𝑚,𝑛

By integration by parts, there is∫ 1

0
log(𝑢)−1𝑢𝑚−1d𝑢 =

1
𝑚2

⇒
∫ 1

0
𝑢𝑚−1𝑣𝑛−1 log(𝑢𝑣)−1d𝑢 =

𝑣𝑛−1

𝑚2 + 𝑣
𝑛−1

𝑚
log(𝑣)−1

⇒ 𝐽𝑚,𝑛 =
1
𝑚2𝑛

+ 1
𝑛2𝑚

.
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Step 1: Evaluation of 𝐼𝑟,𝑠

𝐼𝑟 ,𝑠 =
∑︁
𝑘≥1

𝐽𝑘+𝑟 ,𝑘+𝑠 =
∑︁
𝑛>𝑟

𝐽𝑛,𝑛+𝑠−𝑟 .

If 𝑟 = 𝑠, then

𝐼𝑟 ,𝑟 =
∑︁
𝑛>𝑟

𝐽𝑛,𝑛 = 2
∑︁
𝑛>𝑟

1
𝑛3 = 2

[
𝜁 (3) −

𝑟∑︁
𝑛=1

1
𝑛3

]
.

If 𝑟 ≠ 𝑠, it follows from 𝐼𝑟 ,𝑠 = 𝐼𝑠,𝑟 that we assume WLOG 𝑟 < 𝑠:

𝐼𝑟 ,𝑠 =
∑︁
𝑛>𝑟

1
𝑛(𝑛 + 𝑠 − 𝑟)

[
1
𝑛
+ 1
𝑛 + 𝑠 − 𝑟

]
=

1
𝑠 − 𝑟

∑︁
𝑛>𝑟

[
1
𝑛
− 1
𝑛 + 𝑠 − 𝑟

] [
1
𝑛
+ 1
𝑛 + 𝑠 − 𝑟

]
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Step 1: Evaluation of 𝐼𝑟,𝑠 (continued)

𝐼𝑟 ,𝑠 =
1

𝑠 − 𝑟
∑︁
𝑛>𝑟

[
1
𝑛2 − 1

(𝑛 + 𝑠 − 𝑟)2

]
=

1
𝑠 − 𝑟

∑︁
𝑟<𝑛≤𝑠

1
𝑛2 .

Since (𝑠 − 𝑟)𝑛2 ≤ 𝑠3, 𝐷3
𝑠 𝐼𝑟 ,𝑠 ∈ Z, where 𝐷𝑛 = lcm(1, 2, . . . , 𝑛). Conclusively,

when 0 ≤ 𝑟, 𝑠 ≤ 𝑛, there is

𝐼𝑟 ,𝑠 =


2

[
𝜁 (3) −

𝑟∑︁
𝑚=1

1
𝑚3

]
𝑟 = 𝑠

𝐾𝑟 ,𝑠/𝐷3
𝑛 𝑟 ≠ 𝑠 (𝐾𝑟 ,𝑠 ∈ Z).
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Step 1: Evaluation of 𝐼 ( 𝑓 )

𝐼𝑟 ,𝑠 =


2

[
𝜁 (3) −

𝑟∑︁
𝑚=1

1
𝑚3

]
𝑟 = 𝑠

𝐾𝑟 ,𝑠/𝐷3
𝑛 𝑟 ≠ 𝑠 (𝐾𝑟 ,𝑠 ∈ Z).

If 𝑓 (𝑥) = 𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥
𝑛−1 + · · · + 𝑎0 for 𝑎0, 𝑎1, . . . , 𝑎𝑛 ∈ Z, then

𝐼 ( 𝑓 ) =
∑︁

0≤𝑟 ,𝑠≤𝑛
𝑎𝑟𝑎𝑠 𝐼𝑟 ,𝑠 =

𝑛∑︁
𝑟=0

𝑎2
𝑟 𝐼𝑟 ,𝑟 +

∑︁
0≤𝑟 ,𝑠≤𝑛

𝑟≠𝑠

𝑎𝑟𝑎𝑠 𝐼𝑟 ,𝑠

= 2
𝑛∑︁

𝑟=0
𝑎2
𝑟 𝜁 (3) − 2

𝑛∑︁
𝑟=0

𝑎2
𝑟

𝑟∑︁
𝑚=1

1
𝑚3 +

∑︁
0≤𝑟 ,𝑠≤𝑛

𝑟≠𝑠

𝑎𝑟𝑎𝑠𝐾𝑟 ,𝑠

𝐷3
𝑛

=
𝐴𝜁 (3) − 𝐵

𝐷3
𝑛

(𝐴 ∈ Z \ {0}, 𝐵 ∈ Z).
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Step 3: Bounds for 𝐼 ( 𝑓 )

Recall that

𝐼 ( 𝑓 ) =
∫ 1

0

∫ 1

0

log(𝑢𝑣)−1

1 − 𝑢𝑣 𝑓 (𝑢) 𝑓 (𝑣)d𝑢d𝑣,

so it follows from

log𝛼−1 =

∫ 1

𝛼

d𝑣
𝑣

=

∫ 1−𝛼

0

d𝑣
1 − 𝑣 = (1 − 𝛼)

∫ 1

0

d𝑧
1 − (1 − 𝛼)𝑧

that

𝐼 ( 𝑓 ) =
∫ 1

0

∫ 1

0

∫ 1

0

𝑓 (𝑢) 𝑓 (𝑣)
1 − (1 − 𝑢𝑣)𝑧d𝑢d𝑣d𝑧.

Let 𝑓 be defined as

𝑓 (𝑥) = 1
𝑛!

(
d
d𝑥

)𝑛
[𝑥𝑛 (1 − 𝑥)𝑛] .
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Step 3: Bounds for 𝐼 ( 𝑓 )

By repeated integration by parts, there is∫ 1

0

∫ 1

0

𝑓 (𝑢)
1 − (1 − 𝑢𝑣)𝑧d𝑢 =

∫ 1

0

𝑢𝑛𝑣𝑛𝑧𝑛 (1 − 𝑢)𝑛
[1 − (1 − 𝑢𝑣)𝑧]𝑛+1 d𝑢. (∗)

⇒ 𝐼 ( 𝑓 ) =
∫ 1

0

∫ 1

0

∫ 1

0

𝑢𝑛𝑣𝑛𝑧𝑛 (1 − 𝑢)𝑛 𝑓 (𝑣)
[1 − (1 − 𝑢𝑣)𝑧]𝑛+1 d𝑢d𝑣d𝑧.

Let 𝑧 = (1 − 𝑤) [1 − (1 − 𝑢𝑣)𝑤]−1. Then

𝐼 ( 𝑓 ) =
∫ 1

0

∫ 1

0

∫ 1

0
(1 − 𝑢)𝑛 (1 − 𝑤)𝑛 𝑓 (𝑣)

1 − (1 − 𝑢𝑣)𝑤 d𝑢d𝑣d𝑤

Applying (∗) once again, there is
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Step 3: Bounds for 𝐼 ( 𝑓 )

𝐼 ( 𝑓 ) =
∫ 1

0

∫ 1

0

∫ 1

0

[𝑢(1 − 𝑢)𝑣(1 − 𝑣)𝑤(1 − 𝑤)]𝑛
[1 − (1 − 𝑢𝑣)𝑤]𝑛+1 d𝑢d𝑣d𝑤.

Since 1 − (1 − 𝑢𝑣)𝑤 = (1 − 𝑤) + 𝑢𝑣𝑤 ≥ 2
√

1 − 𝑤
√
𝑢𝑣𝑤

𝑄 =
𝑢(1 − 𝑢)𝑣(1 − 𝑣)𝑤(1 − 𝑤)

1 − (1 − 𝑢𝑣)𝑤 ≤ 1
2
𝑢

1
2 (1 − 𝑢)𝑣 1

2 (1 − 𝑣) [𝑤(1 − 𝑤)] 1
2 .

By differential calculus, there is

sup
𝑢∈[0,1]

𝑢
1
2 (1 − 𝑢) = 2

3
√

3
, sup

𝑤∈[0,1]
𝑤(1 − 𝑤) = 1

4
,

so we have 𝑄 ≤ 1
4

(
2

3
√

3

)2
= 1

27 .
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Step 3: Bounds for 𝐼 ( 𝑓 )

|𝐼 ( 𝑓 ) | ≤
(

1
27

)𝑛 ∫ 1

0

∫ 1

0

∫ 1

0

d𝑢d𝑣d𝑤
1 − (1 − 𝑢𝑣)𝑤 = 𝐶

(
1
27

)𝑛
.

Let 𝑝1, 𝑝2, . . . , 𝑝𝑘𝑛 be all primes ≤ 𝑛. Then

𝐷𝑛 = 𝑝
⌊log𝑝1 𝑛⌋
1 𝑝

⌊log𝑝2 𝑛⌋
2 · · · 𝑝

⌊log𝑝𝑘𝑛
𝑛⌋

𝑘𝑛
≤ 𝑒𝑘𝑛 log 𝑛.

By the prime number theorem, there is

lim
𝑛→+∞

𝑘𝑛

𝑛/log 𝑛
= 1.

This means for all 𝜀 > 0, 𝑘𝑛 < (1 + 𝜀)𝑛/log 𝑛 for 𝑛 ≥ 𝑛0(𝜀), so 𝐷𝑛 < 𝑒
(1+𝜀)𝑛
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Finishing step

𝐷3
𝑛 |𝐼 ( 𝑓 ) | < 𝐶𝑒3𝑛(1+𝜀)

(
1
27

)𝑛
= 𝐶

(
𝑒1+𝜀

3

)3𝑛

.

Choose 𝜀 > 0 small so that 𝑒1+𝜀 < 3. This ensures 𝐷3
𝑛 |𝐼 ( 𝑓 ) | can be made

arbitrarily small (e.g < 1/𝑘).

If 𝜁 (3) = ℎ
𝑘

, then
1 ≤ |𝐴ℎ − 𝐵𝑘 | = 𝑘𝐷3

𝑛 |𝐼 ( 𝑓 ) | < 1,

which is a contradiction.
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