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Abstract

In 1973, Montgomery conjectured that under the Riemann Hypothesis, the number of zeros 1
2 + 𝑖𝛾,

1
2 + 𝑖𝛾

′ of 𝜁 (𝑠)
satisfying

𝛾 − 𝛾′
2𝜋/log𝑇

∈ [𝛼, 𝛽], 𝛾, 𝛾′ ∈ [0, 𝑇]

as 𝑇 → +∞ is

∼ 𝑇

2𝜋
log𝑇

{∫ 𝛽

𝛼

[
1 −

(
sin 𝜋𝑢
𝜋𝑢

)2
]

d𝑢 + 10∈[𝛼,𝛽 ]

}
.

Dyson pointed out that this is related to the eigenvalue distribution of random unitary matrices. Not only does this
connection allow us to better understand the zeros of 𝜁 (𝑠) but also the distribution of its values on Re(𝑠) = 1

2 .
This article surveys this connection and explains how Keating–Snaith (2000) [19] used it to formulate a conjectured

asymptotic for the moments

𝐼𝑘 (𝑇) =
1
𝑇

∫ 𝑇

0

����𝜁 (
1
2
+ 𝑖𝑡

)����2𝑘 d𝑡.

We also describe extensions of these ideas to families of 𝐿-functions and their symmetry types.
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1 Montgomery’s Conjecture
Let 𝑁 (𝑇) be the number of nontrivial zeros 𝜌 = 𝛽 + 𝑖𝛾 of 𝜁 (𝑠) with 0 < 𝛾 ≤ 𝑇 . It is known that

𝑁 (𝑇) ∼ 𝑇

2𝜋
log𝑇,
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which indicates that the mean gap between the ordinates 𝛾 of zeros with 𝛾 ∈ [0, 𝑇] is ∼ 2𝜋
log𝑇 . Thus, to understand the

correlation between two zeros, the natural object to study is the normalized difference 𝛾−𝛾′

2𝜋 log𝑇 .
In 1973, Montgomery [21] investigated the Fourier transform of pair correlation:

𝐹 (𝛼,𝑇) = 1
𝑁 (𝑇)

∑︁
0<𝛾,𝛾′≤𝑇

𝑇 𝑖𝛼(𝛾−𝛾′ )𝑤(𝛾 − 𝛾′),

where 𝑤 is a suitable smooth weight with 𝑤(0) = 1. Assuming RH, he computed that 𝐹 (𝛼,𝑇) → 𝛿(𝛼) + |𝛼 | for
𝛼 ∈ (−1, 1) in the distributional sense. For |𝛼 | ≥ 1, Montgomery conjectured that the limit is 1. In other words, the
full conjecture is

lim
𝑇→∞

𝐹 (𝛼,𝑇) = 𝛿(𝛼) + 1 − max(1 − |𝛼 |, 0).

Pairing the conjectured distributional limit with 𝜑 for 𝜑 Schwartz,

lim
𝑇→∞

1
𝑁 (𝑇)

∑︁
0<𝛾,𝛾′≤𝑇

𝜑

(
𝛾 − 𝛾′

2𝜋/log𝑇

)
𝑤(𝛾 − 𝛾′) = lim

𝑇→∞

∫
R
𝜑(𝛼)𝐹 (𝛼,𝑇)d𝛼

= 𝜑(0) +
∫
R

[
1 −

(
sin 𝜋𝑢
𝜋𝑢

)2
]
𝜑(𝑢)d𝑢. (1.1)

Letting 𝜑 approximate 1[𝛼,𝛽 ] recovers the pair correlation conjecture.1

lim
𝑇→∞

#
{
𝛾, 𝛾′ ∈ [0, 𝑇] : 𝛾−𝛾′

2𝜋 log𝑇 ∈ [𝛼, 𝛽]
}

𝑁 (𝑇) = 10∈[𝛼,𝛽 ] +
∫ 𝛽

𝛼

[
1 −

(
sin 𝜋𝑢
𝜋𝑢

)2
]

d𝑢.

In the language of test functions, Montgomery’s work is essentially confirming the limit (1.1) when supp 𝜑 ⊂
(−1, 1). Using the explicit formula and Parseval’s formula, Goldston–Montgomery (1987) [5] showed that the pair
correlation of zeros is closely related to correlations of primes in short intervals. For example, a sufficiently strong
form of the twin prime conjecture extends (1.1) to test functions 𝜑 with supp 𝜑 ⊂ (−2, 2).

Dyson noted that the function

1 −
(

sin 𝜋𝑢
𝜋𝑢

)2

in the integral agrees with the 2-level correlation density of the eigen-angles of large random unitary matrices. We
now survey what this means.

2 Circular Unitary Ensemble
For 𝐴 ∈ C𝑁×𝑁 , let 𝐴∗ denote its conjugate transpose. Regard C𝑁×𝑁 as a real inner-product space with the Hilbert–
Schmidt inner product

⟨𝑋,𝑌⟩HS = Re Tr(𝑋∗𝑌 ), ∥𝑋 ∥2
HS = Tr(𝑋∗𝑋).

Define the unitary group as
𝑈 (𝑁) = {𝐴 ∈ C𝑁×𝑁 : 𝐴∗𝐴 = 𝐼} ⊂ 𝐺𝐿𝑁 (C).

The map 𝐴 ↦→ 𝐴∗𝐴 is continuous, so𝑈 (𝑁) is closed in 𝐺𝐿𝑁 (C). Since𝑈 (𝑁) is also a subgroup, the closed subgroup
theorem shows that it is a Lie group. Moreover,

𝑈 (𝑁) ⊂ {𝐴 ∈ C𝑁×𝑁 : ∥𝐴∥HS =
√
𝑁},

because ∥𝐴∥2
HS = Tr(𝐴∗𝐴) = 𝑁 for 𝐴 ∈ 𝑈 (𝑁). Thus, it follows from Heine–Borel that 𝑈 (𝑁) is also compact.

Consequently, it has a unique invariant probability measure known as the circular unitary ensemble (CUE) measure
𝜇CUE.

1On a fixed normalized interval, 𝛾 − 𝛾′ = 𝑂 (1/log𝑇 ) , so 𝑤 (𝛾 − 𝛾′ ) = 1 + 𝑜 (1) uniformly; hence the weight may be omitted.
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2.1 Distribution of Eigenvalues
By the spectral theorem, each 𝐴 ∈ 𝑈 (𝑁) is conjugate in𝑈 (𝑁) to some

𝐸 = diag(𝑒𝑖 𝜃1 , 𝑒𝑖 𝜃2 , . . . , 𝑒𝑖 𝜃𝑁 ),

where 𝜃 𝑗 ∈ [0, 2𝜋) are called the eigen-angles of 𝐴. A continuous class function ℎ on𝑈 (𝑁) satisfies ℎ(𝑅𝐴𝑅∗) = ℎ(𝐴)
and therefore depends only on the unordered eigenvalues of 𝐴. Conversely, every continuous symmetric function of
the eigenvalues defines a class function. Thus, the joint eigenvalue distribution is determined by the integrals∫

𝑈 (𝑁 )
ℎ(𝐴)d𝜇CUE (𝐴)

for all continuous class functions ℎ. We derive a formula for these integrals by expressing a volume form in eigenvalue–
eigenvector coordinates; the joint density will then be the symmetric density that makes the formula hold for every
ℎ.

For a tangent vector d𝐴 at 𝐴, differentiating 𝐴∗𝐴 = 𝐼 gives

(d𝐴)∗𝐴 + 𝐴∗d𝐴 = 0.

Thus, the matrix-valued 1-form
Ξ = 𝐴∗d𝐴

is skew-Hermitian. The map d𝐴 ↦→ 𝐴∗d𝐴 is a linear isomorphism from the tangent space at 𝐴 to the real vector space
of skew-Hermitian matrices. Therefore, the real 1-forms −𝑖Ξ 𝑗 𝑗 and, for 𝑗 < ℓ, ReΞ 𝑗ℓ and ImΞ 𝑗ℓ form a basis of the
cotangent space. Their wedge product

𝜔𝑈 (𝑁 ) =
𝑁∧
𝑗=1

(−𝑖Ξ 𝑗 𝑗 ) ∧
∧

1≤ 𝑗<ℓ≤𝑁

(
ReΞ 𝑗ℓ ∧ ImΞ 𝑗ℓ

)
(2.1)

is consequently a nowhere-vanishing differential form of degree 𝑁2.
This form gives the CUE volume. Indeed, for fixed 𝑃,𝑄 ∈ 𝑈 (𝑁), the change 𝐴 ↦→ 𝑃𝐴𝑄 sends Ξ to

(𝑃𝐴𝑄)∗d(𝑃𝐴𝑄) = 𝑄∗Ξ𝑄.

The linear map 𝑋 ↦→ 𝑄∗𝑋𝑄 preserves the inner product Re Tr(𝑋∗𝑌 ) on skew-Hermitian matrices, so its real Jacobian
determinant has absolute value 1. Hence 𝐴 ↦→ 𝑃𝐴𝑄 preserves the absolute volume determined by (2.1). After
normalization, this volume therefore gives the CUE probability measure.

Suppose now that the eigenvalues of 𝐴 are distinct. Taking normalized eigenvectors of 𝐴 as the columns of
𝑅 ∈ 𝑈 (𝑁) gives the unitary diagonalization

𝐴 = 𝑅𝐸𝑅∗.

Since 𝑅 is unitary, the same calculation used for Ξ = 𝐴∗d𝐴 shows that Ω = 𝑅∗d𝑅 is skew-Hermitian.
Differentiating 𝐴 = 𝑅𝐸𝑅∗ and using d𝑅∗𝑅 = −𝑅∗d𝑅 = −Ω gives

𝑅∗ (d𝐴)𝑅 = d𝐸 +Ω𝐸 − 𝐸Ω.

Consequently,
𝑅∗Ξ𝑅 = 𝐸−1d𝐸 + 𝐸−1Ω𝐸 −Ω.

Replacing Ξ by 𝑅∗Ξ𝑅 in (2.1) changes the form at most by a sign, by the same determinant calculation used above.
The entries of 𝑅∗Ξ𝑅 are

(𝑅∗Ξ𝑅) 𝑗 𝑗 = 𝑖 d𝜃 𝑗 ,

(𝑅∗Ξ𝑅) 𝑗ℓ =
(
𝑒𝑖 (𝜃ℓ−𝜃 𝑗 ) − 1

)
Ω 𝑗ℓ , 𝑗 ≠ ℓ.

If a complex 1-form 𝛽 is multiplied by a complex-valued smooth function 𝜆, then

Re(𝜆𝛽) ∧ Im(𝜆𝛽) = |𝜆 |2 Re 𝛽 ∧ Im 𝛽.
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For the scalar appearing above, ���𝑒𝑖 (𝜃ℓ−𝜃 𝑗 ) − 1
���2 = |𝑒𝑖 𝜃ℓ − 𝑒𝑖 𝜃 𝑗 |2.

The diagonalization is unchanged if each column of 𝑅 is multiplied by an independent complex number of absolute
value 1. We therefore regard two such matrices 𝑅 as the same eigenvector choice. The space of eigenvector choices
has dimension 𝑁2 − 𝑁 = 𝑁 (𝑁 − 1), and the form

𝜔𝑅 =
∧

1≤ 𝑗<ℓ≤𝑁

(
ReΩ 𝑗ℓ ∧ ImΩ 𝑗ℓ

)
.

is a nowhere-vanishing form of top degree on this space. It is unchanged by the choices of column phases and depends
only on the eigenvectors. Taking the wedge product of all the diagonal and off-diagonal entries gives, up to a sign
independent of the eigen-angles,

𝜔𝑈 (𝑁 ) =
∏

1≤ 𝑗<ℓ≤𝑁

|𝑒𝑖 𝜃 𝑗 − 𝑒𝑖 𝜃ℓ |2d𝜃1 ∧ · · · ∧ d𝜃𝑁 ∧ 𝜔𝑅 . (2.2)

Let 𝜈 be the volume measure determined by 𝜔𝑈 (𝑁 ) , and let 𝑉vec denote the total absolute volume of the eigenvector
choices determined by 𝜔𝑅. For a class function ℎ, we have ℎ(𝑅𝐸𝑅∗) = ℎ(𝐸). Moreover, permuting the eigenvalues
and the corresponding eigenvectors leaves 𝐴 unchanged, so labeled eigen-angles count each matrix with distinct
eigenvalues 𝑁! times. Therefore, integrating (2.2) gives∫

𝑈 (𝑁 )
ℎ(𝐴)d𝜈(𝐴) = 𝑉vec

𝑁!

∫
[0,2𝜋 )𝑁

ℎ(𝐸)
∏

1≤ 𝑗<ℓ≤𝑁

|𝑒𝑖 𝜃 𝑗 − 𝑒𝑖 𝜃ℓ |2d𝜃1 · · · d𝜃𝑁 .

Taking ℎ = 1 gives 𝜈(𝑈 (𝑁)) = 𝑉vec
𝑁 ! 𝐶𝑁 , where 𝐶𝑁 is the integral on the right without ℎ(𝐸). Thus, after normalizing 𝜈

to obtain 𝜇CUE, ∫
𝑈 (𝑁 )

ℎ(𝐴)d𝜇CUE (𝐴) =
1
𝐶𝑁

∫
[0,2𝜋 )𝑁

ℎ(𝐸)
∏

1≤ 𝑗<ℓ≤𝑁

|𝑒𝑖 𝜃 𝑗 − 𝑒𝑖 𝜃ℓ |2d𝜃1 · · · d𝜃𝑁 .

It remains to determine 𝐶𝑁 . Vandermonde’s determinant formula gives∏
1≤ 𝑗<ℓ≤𝑁

(𝑒𝑖 𝜃ℓ − 𝑒𝑖 𝜃 𝑗 ) = det(𝑒𝑖 ( 𝑗−1) 𝜃ℓ ) 𝑗 ,ℓ .

Expanding this determinant and its complex conjugate, then using∫ 2𝜋

0
𝑒𝑖𝑚𝜃d𝜃 = 2𝜋1𝑚=0,

we obtain

𝐶𝑁 =

∫
[0,2𝜋 ]𝑁

∏
1≤ 𝑗<ℓ≤𝑁

|𝑒𝑖 𝜃 𝑗 − 𝑒𝑖 𝜃ℓ |2d𝜃1 · · · d𝜃𝑁

= (2𝜋)𝑁
∑︁

𝜎,𝜏∈𝑆𝑁

sgn(𝜎𝜏)
𝑁∏
𝑗=1

1𝜎 ( 𝑗 )=𝜏 ( 𝑗 ) = (2𝜋)𝑁𝑁!.

Substituting this value of 𝐶𝑁 into the class-function identity above gives the Weyl integration formula for𝑈 (𝑁):∫
𝑈 (𝑁 )

ℎ(𝐴)d𝜇CUE (𝐴) =
1

(2𝜋)𝑁𝑁!

∫
[0,2𝜋 )𝑁

ℎ(𝐸)
∏

1≤ 𝑗<ℓ≤𝑁

|𝑒𝑖 𝜃 𝑗 − 𝑒𝑖 𝜃ℓ |2d𝜃1 · · · d𝜃𝑁 . (2.3)

Matrices with repeated eigenvalues form a set of volume zero. Since ℎ(𝐸) may be any continuous symmetric function
of the eigen-angles, the identity (2.3) shows that their joint density under CUE is [20]

𝑃𝑁 (𝜃1, 𝜃2, . . . , 𝜃𝑁 ) =
1

(2𝜋)𝑁𝑁!

∏
1≤ 𝑗<ℓ≤𝑁

|𝑒𝑖 𝜃 𝑗 − 𝑒𝑖 𝜃ℓ |2 (2.4)

with respect to d𝜃1d𝜃2 · · · d𝜃𝑁 .
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2.2 Correlation of Eigenvalues
By the 𝑛-level correlation measure, we mean the counting measure of ordered tuples (𝜃 𝑗1 , 𝜃 𝑗2 , . . . , 𝜃 𝑗𝑛 ) with 1 ≤
𝑗1, 𝑗2, . . . , 𝑗𝑛 ≤ 𝑁 distinct. Its total mass is 𝑁 !

(𝑁−𝑛)! , and its density is

𝑅𝑁,𝑛 (𝜃1, 𝜃2, . . . , 𝜃𝑛) =
𝑁!

(𝑁 − 𝑛)!

∫
[0,2𝜋 ]𝑁−𝑛

𝑃𝑁 (𝜃1, . . . , 𝜃𝑁 )d𝜃𝑛+1 · · · d𝜃𝑁 . (2.5)

Using Vandermonde’s determinant formula and the Leibniz expansion, we see that for complex numbers 𝑧1, . . . , 𝑧𝑁 ,∏
1≤ 𝑗<ℓ≤𝑁

|𝑧 𝑗 − 𝑧ℓ |2 =
∑︁

𝜎,𝜏∈𝑆𝑁

sgn(𝜎𝜏)
𝑁∏
𝑗=1

𝑧
𝜎 ( 𝑗 )−1
𝑗

𝑧
𝜏 ( 𝑗 )−1
𝑗

,

so (2.5) becomes

𝑅𝑁,𝑛 (𝜃1, . . . , 𝜃𝑛) =
1

(2𝜋)𝑛 (𝑁 − 𝑛)!
∑︁

𝜎,𝜏∈𝑆𝑁

𝜎 (𝑘 )=𝜏 (𝑘 ) ∀𝑘>𝑛

sgn(𝜎𝜏)
𝑛∏
𝑗=1

𝑒𝑖 𝜃 𝑗 [𝜎 ( 𝑗 )−𝜏 ( 𝑗 ) ] .

Because 𝜎(𝑘) = 𝜏(𝑘) for 𝑘 > 𝑛, 𝜏(1), 𝜏(2), . . . , 𝜏(𝑛) is a reordering of 𝜎(1), 𝜎(2), . . . , 𝜎(𝑛). Equivalently, both are
reorderings of 𝑘1 + 1, 𝑘2 + 1, . . . , 𝑘𝑛 + 1 for some 0 ≤ 𝑘1 < 𝑘2 < · · · < 𝑘𝑛 < 𝑁 . This allows us to rewrite 𝑅𝑁,𝑛 as

1
(2𝜋)𝑛

∑︁
0≤𝑘1<𝑘2<· · ·<𝑘𝑛<𝑁

∑︁
𝑔,ℎ∈𝑆𝑛

sgn(𝑔ℎ)
𝑛∏
𝑗=1

𝑒𝑖 𝜃 𝑗 (𝑘𝑔 ( 𝑗)−𝑘ℎ ( 𝑗) ) =
1

(2𝜋)𝑛
∑︁

0≤𝑘1<𝑘2<· · ·<𝑘𝑛<𝑁

��det(𝑒𝑖 𝜃 𝑗 𝑘ℓ ) 𝑗 ,ℓ
��2 .

Lemma 2.1 (Gram’s identity). Let 𝑣1, 𝑣2, . . . , 𝑣𝑛 ∈ C𝑁 with 𝑛 ≤ 𝑁 , and write 𝑣 𝑗 = (𝑣 𝑗 (1), 𝑣 𝑗 (2), . . . , 𝑣 𝑗 (𝑁)). With

⟨𝑣 𝑗 , 𝑣ℓ⟩ =
𝑁∑︁
𝑘=1

𝑣 𝑗 (𝑘)𝑣ℓ (𝑘),

we have
det(⟨𝑣 𝑗 , 𝑣ℓ⟩)1≤ 𝑗 ,ℓ≤𝑛 =

∑︁
1≤𝑘1<𝑘2<· · ·<𝑘𝑛≤𝑁

��det(𝑣 𝑗 (𝑘ℓ))1≤ 𝑗 ,ℓ≤𝑛
��2 .

Apply Lemma 2.1 with

𝑣 𝑗 =
1

√
2𝜋

(
1, 𝑒𝑖 𝜃 𝑗 , 𝑒2𝑖 𝜃 𝑗 , . . . , 𝑒 (𝑁−1)𝑖 𝜃 𝑗

)
.

The sum of squared minors above is then det(⟨𝑣 𝑗 , 𝑣ℓ⟩) 𝑗 ,ℓ . By the geometric sum formula,

⟨𝑣 𝑗 , 𝑣ℓ⟩ =
1

2𝜋

𝑁−1∑︁
𝑘=0

𝑒𝑖𝑘 (𝜃 𝑗−𝜃ℓ )

=
1

2𝜋
𝑒

𝑖 (𝑁−1) (𝜃 𝑗 −𝜃ℓ )
2

sin 𝑁
2 (𝜃 𝑗 − 𝜃ℓ)

sin 1
2 (𝜃 𝑗 − 𝜃ℓ)

.

Define

𝐾𝑁 (𝛼, 𝛽) = 1
2𝜋

sin 𝑁
2 (𝛼 − 𝛽)

sin 1
2 (𝛼 − 𝛽)

,

with 𝐾𝑁 (𝛼, 𝛼) = 𝑁
2𝜋 by continuity. Set

G = (⟨𝑣 𝑗 , 𝑣ℓ⟩) 𝑗 ,ℓ , K = (𝐾𝑁 (𝜃 𝑗 , 𝜃ℓ)) 𝑗 ,ℓ , 𝐷 = diag
(
𝑒

𝑖 (𝑁−1) 𝜃1
2 , . . . , 𝑒

𝑖 (𝑁−1) 𝜃𝑛
2

)
.

Then G = 𝐷K𝐷∗, and hence

det G = det𝐷 detK det𝐷∗

= | det𝐷 |2 detK = detK,
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since 𝐷 is unitary. Therefore,
𝑅𝑁,𝑛 (𝜃1, . . . , 𝜃𝑛) = det(𝐾𝑁 (𝜃 𝑗 , 𝜃ℓ)) 𝑗 ,ℓ .

The mean gap between 𝑁 angles is 2𝜋
𝑁

. Thus, the normalized 𝑛-level correlation density is(
2𝜋
𝑁

)𝑛
𝑅𝑁,𝑛

(
2𝜋
𝑁
𝑥1, . . . ,

2𝜋
𝑁
𝑥𝑛

)
= det

(
1
𝑁

sin 𝜋(𝑥 𝑗 − 𝑥ℓ)
sin 𝜋

𝑁
(𝑥 𝑗 − 𝑥ℓ)

)
1≤ 𝑗 ,ℓ≤𝑛

.

Taking 𝑁 → +∞, we obtain the scaling limit of the CUE 𝑛-level correlations:

𝑊𝑛 (𝑥1, . . . , 𝑥𝑛) = det
( sin 𝜋(𝑥 𝑗 − 𝑥ℓ)
𝜋(𝑥 𝑗 − 𝑥ℓ)

)
1≤ 𝑗 ,ℓ≤𝑛

. (2.6)

In particular, when 𝑛 = 2,

𝑊2 (𝑥1, 𝑥2) = 1 −
(

sin 𝜋(𝑥1 − 𝑥2)
𝜋(𝑥1 − 𝑥2)

)2

appears in Montgomery’s conjecture. The formula (2.6) allows us to generalize Montgomery’s conjecture to correlations
of 𝑛 ≥ 3 zeros. Rudnick–Sarnak [25] verified (2.6) on zeros of 𝜁 (𝑠) on a special class of test functions under RH.

3 Values of 𝜁 (𝑠) on Re(𝑠) = 1
2

For a random variable 𝑋 , its distribution can be studied by looking at the moments 𝑚𝑘 = E[𝑋 𝑘]. Sometimes, moments
uniquely determine a distribution; for example, Gaussian moments determine a Gaussian. Upper bounds for moments
are related to large deviations. For these reasons, moment calculations are very common in analytic number theory.

3.1 Selberg’s Central Limit Theorem
In the 1940s, Selberg computed the moments of Re log 𝜁 ( 1

2 + 𝑖𝑡) and Im log 𝜁 ( 1
2 + 𝑖𝑡) [27, 28, 31], effectively showing

that after division by
√︃

1
2 log log𝑇 , they jointly tend to independent standard real Gaussians. That is, for every box

𝐵 ⊂ C,

1
𝑇

meas

𝑡 ∈ [𝑇, 2𝑇] :
log 𝜁 ( 1

2 + 𝑖𝑡)√︃
1
2 log log𝑇

∈ 𝐵
 −→ 1

2𝜋

∫
𝑥+𝑖𝑦∈𝐵

𝑒−
1
2 (𝑥

2+𝑦2 )d𝑥d𝑦.

Selberg’s theorem describes the bulk distribution of log |𝜁 ( 1
2 + 𝑖𝑡) |, but it does not control the rare large values that can

dominate its moments. To investigate these tails, we study

𝐼𝑘 (𝑇) =
1
𝑇

∫ 𝑇

0

����𝜁 (
1
2
+ 𝑖𝑡

)����2𝑘 d𝑡. (3.1)

3.2 Moments of |𝜁 ( 1
2 + 𝑖𝑡) |

If 𝑋 is a Gaussian variable with mean 𝜇 and variance 𝜎2, then

E[𝑒𝑡𝑋] = 𝑒𝑡 𝜇+𝑡2𝜎2/2.

Plugging 𝜇 = 0, 𝜎2 = 1
2 log log𝑇 , and 𝑡 = 2𝑘 suggests that

𝐼𝑘 (𝑇) ∼ (log𝑇)𝑘2
. (3.2)

Hardy–Littlewood (1918) [7] proved 𝐼1 (𝑇) ∼ log𝑇 . Ingham (1926) [14] proved

𝐼2 (𝑇) ∼
1

2𝜋2 (log𝑇)4.
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While the magnitude agrees, the leading coefficients are inconsistent at 𝑘 = 2, so we should weaken (3.2) to

𝐼𝑘 (𝑇) ∼ 𝐶𝑘 (log𝑇)𝑘2

for some 𝐶𝑘 > 0.
When 𝑘 ≥ 1 is an integer, the approximate functional equations suggest 𝜁 ( 1

2 + 𝑖𝑡)𝑘 can be estimated by∑︁
𝑛≤𝑋

𝜏𝑘 (𝑛)
𝑛1/2+𝑖𝑡 ,

and the approximate orthogonality of {𝑛−𝑖𝑡 }𝑡∈[0,𝑇 ] suggests that the main term of 𝐼𝑘 (𝑇) should be related to∑︁
𝑛≤𝑋

𝜏𝑘 (𝑛)2

𝑛
∼ 𝑎𝑘

Γ(𝑘2 + 1)
(log 𝑋)𝑘2

,

with

𝑎𝑘 =
∏
𝑝

(
1 − 1

𝑝

) 𝑘2 (
1 +

∞∑︁
𝑟=1

𝜏𝑘 (𝑝𝑟 )2

𝑝𝑟

)
.

Thus, we should write
𝐶𝑘 =

𝑔𝑘𝑎𝑘

Γ(𝑘2 + 1)
.

In this language, Hardy–Littlewood’s result says 𝑔1 = 1, and Ingham’s says 𝑔2 = 2.
By relating 𝜁 ( 1

2 + 𝑖𝑡) and the characteristic polynomials of random unitary matrices, Keating–Snaith (2000) [19]
were able to formulate conjectures for 𝑔𝑘 for all 𝑘 > 0.

3.3 Characteristic Polynomials in CUE
The normalized characteristic polynomial for 𝑔 ∈ 𝑈 (𝑁) is

𝑍 (𝑔, 𝜃) = det(𝐼 − 𝑔𝑒−𝑖 𝜃 ).

By the method of Fourier transform, Keating–Snaith [19] showed that Re log 𝑍 (𝑔, 𝜃) = log |𝑍 (𝑔, 𝜃) |, after division by√︃
1
2 log 𝑁 , tends to a standard real Gaussian. Recall that the mean gap for zeros of 𝜁 (𝑠) is 2𝜋

log𝑇 , while that for eigen-angles
is 2𝜋

𝑁
. Taking 𝑁 ≈ log𝑇 suggests a limiting distribution matching Selberg’s CLT for log |𝜁 ( 1

2 + 𝑖𝑡) | = Re log 𝜁 ( 1
2 + 𝑖𝑡).

Thus, we should believe that the distribution of {log |𝜁 ( 1
2 + 𝑖𝑡) |}𝑡∈[0,𝑇 ] is similar to that of {Re log 𝑍 (𝑔, 𝜃)}𝑔∈𝑈 (log𝑇 ) .

Numerically, the distribution of log |𝜁 ( 1
2 + 𝑖𝑡) | is much closer to that of Re log 𝑍 (𝑔, 𝜃) than to that of a Gaussian when

𝑇 is small, as shown in Figure 1.
Therefore, we should gain insights by computing

𝐽𝑘 (𝑁) =
∫
𝑔∈𝑈 (𝑁 )

(
1

2𝜋

∫ 2𝜋

0
|𝑍 (𝑔, 𝜃) |2𝑘d𝜃

)
d𝜇CUE (𝑔).

By invariance of CUE under 𝑔 ↦→ 𝑔𝑒−𝑖 𝜃 , and since 𝑔 ↦→ | det(𝐼 − 𝑔) |2𝑘 is a class function, (2.3) gives

𝐽𝑘 (𝑁) =
∫
𝑔∈𝑈 (𝑁 )

| det(𝐼 − 𝑔) |2𝑘d𝜇CUE (𝑔)

=
1

(2𝜋)𝑁𝑁!

∫
[0,2𝜋 ]𝑁

𝑁∏
𝑗=1

|1 − 𝑒𝑖 𝜃 𝑗 |2𝑘
∏

1≤ 𝑗<ℓ≤𝑁

|𝑒𝑖 𝜃 𝑗 − 𝑒𝑖 𝜃ℓ |2d𝜃1d𝜃2 · · · d𝜃𝑁 .

To continue from here, we need a unit-circle analogue of Selberg’s integral [26].
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Figure 1: Comparison, after scaling to unit variance, of the value distributions of Re log 𝑍 for CUE with 𝑁 = 42,
Re log 𝜁 ( 1

2 + 𝑖𝑡) near the 1020th zero, and a standard Gaussian. Reproduced from Keating–Snaith [19, Fig. 1].

Lemma 3.1 (Morris integral [3, (1.17)–(1.18)]). Let 𝑛 ≥ 2, and let 𝑎, 𝑏, 𝛾 ∈ C satisfy

Re(𝑎 + 𝑏 + 1) > 0, Re 𝛾 > −min
{

1
𝑛
,

Re(𝑎 + 𝑏 + 1)
𝑛 − 1

}
.

Then

1
(2𝜋)𝑛

∫
[−𝜋,𝜋 ]𝑛

𝑛∏
𝑟=1

𝑒
𝑖
2 (𝑎−𝑏) 𝜃𝑟 |1 + 𝑒𝑖 𝜃𝑟 |𝑎+𝑏

∏
1≤𝑟<𝑠≤𝑛

|𝑒𝑖 𝜃𝑟 − 𝑒𝑖 𝜃𝑠 |2𝛾d𝜃1 · · · d𝜃𝑛

=

𝑛−1∏
𝑗=0

Γ(1 + 𝑎 + 𝑏 + 𝑗𝛾)Γ(1 + ( 𝑗 + 1)𝛾)
Γ(1 + 𝑎 + 𝑗𝛾)Γ(1 + 𝑏 + 𝑗𝛾)Γ(1 + 𝛾) .

For 𝑛 = 1, the same identity holds under the single condition Re(𝑎 + 𝑏 + 1) > 0.

Apply Lemma 3.1 with 𝑛 = 𝑁 , 𝑎 = 𝑏 = 𝑘 , and 𝛾 = 1. The exponential factor is then 1. Moreover, translating
every angle by 𝜋 changes |1 + 𝑒𝑖 𝜃𝑟 | into |1 − 𝑒𝑖 𝜃𝑟 |, while leaving all pairwise differences unchanged. Since Γ(2) = 1,
the lemma gives

𝐽𝑘 (𝑁) =
1
𝑁!

𝑁−1∏
𝑗=0

Γ(1 + 2𝑘 + 𝑗)Γ(2 + 𝑗)
Γ(1 + 𝑘 + 𝑗)2 =

1
𝑁!

𝑁∏
𝑟=1

Γ(2𝑘 + 𝑟)Γ(𝑟 + 1)
Γ(𝑘 + 𝑟)2

=

𝑁∏
𝑟=1

Γ(𝑟)Γ(2𝑘 + 𝑟)
Γ(𝑘 + 𝑟)2 .

As 𝑁 → +∞,

𝐽𝑘 (𝑁) ∼
𝐺 (1 + 𝑘)2

𝐺 (1 + 2𝑘) 𝑁
𝑘2
,

where 𝐺 (𝑧) is the Barnes 𝐺-function satisfying 𝐺 (1) = 1 and 𝐺 (𝑧 + 1) = Γ(𝑧)𝐺 (𝑧). For 𝑛 ∈ N,

𝐺 (𝑛 + 1) =
𝑛−1∏
𝑗=0

𝑗!.
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Therefore, if used by itself, Keating–Snaith’s random matrix calculation would predict

𝐶𝑘 =
𝐺 (1 + 𝑘)2

𝐺 (1 + 2𝑘) .

This vanilla prediction is incorrect because it omits the arithmetic factor 𝑎𝑘 . Keating–Snaith corrected it by inserting
𝑎𝑘 ad hoc, so the full conjecture is

𝐼𝑘 (𝑇) ∼
𝑔𝑘𝑎𝑘

Γ(𝑘2 + 1)
(log𝑇)𝑘2

, (3.3)

where
𝑔𝑘 = Γ(𝑘2 + 1)𝐺 (1 + 𝑘)2

𝐺 (1 + 2𝑘) .

This is consistent with what we know at 𝑘 = 1, 2. Since 𝑎𝑘 has been inserted ad hoc, the vanilla random matrix model
does not account for it; finding a model that does is a crucial motivation for the hybrid model below.

3.4 Hybrid Model
The Keating–Snaith model is not able to explain where the prime product 𝑎𝑘 comes from. As an attempt to remedy
this, Gonek–Hughes–Keating developed a hybrid model [6]. Roughly speaking,

𝜁 (𝑠) ≈
∏
𝑝≤𝑋

(1 − 𝑝−𝑠)−1 ×
∏

𝜌𝑛=
1
2+𝑖𝛾𝑛

|𝑡−𝛾𝑛 | ≤1/log 𝑋

[(𝑠 − 𝜌𝑛)𝑒𝛾 log 𝑋] ,

where 𝛾 = 0.5772 . . . is Euler’s constant. The first product is the Euler component 𝑃𝑋, and the second product is the
Hadamard component 𝑍𝑋.

Assuming these components behave independently in [0, 𝑇] for a suitable 𝑋 = 𝑋 (𝑇), 𝐼𝑘 (𝑇) is basically

𝐼𝑘 (𝑇) ∼
1
𝑇

∫ 𝑇

0
|𝑃𝑋 |2𝑘d𝑡 · 1

𝑇

∫ 𝑇

0
|𝑍𝑋 |2𝑘d𝑡. (3.4)

Gonek–Hughes–Keating call (3.4) the splitting conjecture. Unconditionally, it was established that

1
𝑇

∫ 𝑇

0
|𝑃𝑋 |2𝑘d𝑡 ∼ 𝑎𝑘 (𝑒𝛾 log 𝑋)𝑘2

. (3.5)

𝑍𝑋 is basically det(𝐼 − 𝑔𝑒−𝑖 𝜃 ), so using ideas from the characteristic polynomial model, they conjectured that

1
𝑇

∫ 𝑇

0
|𝑍𝑋 |2𝑘d𝑡 ∼ 𝐺 (1 + 𝑘)2

𝐺 (1 + 2𝑘)

(
log𝑇
𝑒𝛾 log 𝑋

) 𝑘2

. (3.6)

Plugging these into (3.4) recovers (3.3). The authors established (3.5) with 𝑋 ≪𝜀 (log𝑇)2−𝜀 and conjectured (3.4)
and (3.6) hold in this same range. Heap (2023) [10] refined (3.5) to 𝑋 ≪𝑘 (log𝑇)2+𝛿𝑘 for some 𝛿𝑘 > 0 and showed
that the “≍” version of (3.4) is true in this larger range under RH.

3.5 Progress towards Moments of |𝜁 ( 1
2 + 𝑖𝑡) |

Asymptotics for 𝐼𝑘 (𝑇) are only proved for 𝑘 = 1, 2. The lower bounds for 𝐼𝑘 (𝑇) have matched the conjectural
magnitude:

𝐼𝑘 (𝑇) ≥ 𝑐𝑘 (log𝑇)𝑘2
. (3.7)

Progress on this lower bound is summarized below.

Work Range of 𝑘

Ramachandra (1978, 1980) [23, 24] Positive half-integers 𝑘
Heath-Brown (1981) [13] Positive rational 𝑘
Radziwill–Soundararajan (2013) [22] Real 𝑘 ≥ 1, with 𝑐𝑘 = 𝑒−30𝑘4

Heap–Soundararajan (2020) [12] Real 0 < 𝑘 ≤ 1
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The conjectural upper bound
𝐼𝑘 (𝑇) ≪𝑘 (log𝑇)𝑘2

(3.8)

is true unconditionally for 0 < 𝑘 ≤ 2 and true under RH for 𝑘 ≥ 2. The principal results leading to the current upper
bounds are summarized below.

Work Result

Hardy–Littlewood (1923) [8] 𝐼𝑘 (𝑇) ≪𝑘,𝜀 𝑇
𝜀 ⇐⇒ Lindelof hypothesis

Heath-Brown (1981) [13] (3.8) unconditionally for 𝑘 = 1
𝑛

, 𝑛 ∈ N
Soundararajan (2009) [29] 𝐼𝑘 (𝑇) ≪𝑘,𝜀 (log𝑇)𝑘2+𝜀 under RH
Harper (2013) [9] (3.8) under RH
Bettin–Chandee–Radziwill (2017) [1] (3.8) unconditionally for 𝑘 = 1 + 1

𝑛
, 𝑛 ∈ N

Heap–Radziwill–Soundararajan (2019) [11] (3.8) unconditionally for real 0 < 𝑘 ≤ 2

4 Generalization to 𝐿-functions
According to the Langlands conjectures, the most general 𝐿-functions we should study are those attached to automorphic
representations of GL𝑁 over number fields, and they should factor as products of primitive 𝐿-functions 𝐿 (𝑠, 𝜋) attached
to cuspidal automorphic representations 𝜋 of GL𝑚 over Q, where 𝑚 is called the degree of 𝐿 (𝑠, 𝜋).

Examples include:

• 𝑚 = 1: 𝜁 (𝑠) and 𝐿 (𝑠, 𝜒) for 𝜒 primitive.

• 𝑚 = 2: Hecke eigenforms and Maass forms.

𝐿 (𝑠, 𝜋) possesses an Euler product and analytic continuation. The central value 𝐿 ( 1
2 , 𝜋) usually carries interesting

arithmetical information, such as Tate–Shafarevich groups [2] and Fourier coefficients of cusp forms [32]. For a family
F in which the central values are non-negative, we want to understand the moments

1
|F |

∑︁
𝑓 ∈F

𝐿

(
1
2
, 𝑓

) 𝑘
. (4.1)

According to Rudnick–Sarnak [25], the zeros for a single 𝐿 (𝑠, 𝜋) are conjectured to have the same correlation
statistics as the CUE, namely (2.6). However, the picture becomes very different when we look at {𝐿 (𝑠, 𝑓 )} 𝑓 ∈F .

4.1 Low-Lying Zeros and the Katz–Sarnak Philosophy
For a family F , the most sensitive zeros are the low-lying zeros, namely zeros 1

2 + 𝑖𝛾 𝑓 close to 𝑠 = 1
2 . We assume RH

for F , so every 𝛾 𝑓 is real. If the conductors in the family have size about𝐶, the natural normalization is 𝛾 𝑓
log𝐶

2𝜋 , so that
the mean spacing is 1. Katz–Sarnak (1999) [16, 17] predicted that each reasonable F has a symmetry type 𝐺 (𝑁), and
the way to identify it is to compare the one-level density of these normalized zeros with the corresponding one-level
density of eigenvalues near 1.

One tests the low-lying zeros with a Schwartz function 𝜑. For 𝑓 ∈ F with analytic conductor 𝐶 𝑓 , set

𝐷 ( 𝑓 ; 𝜑) =
∑︁
𝛾 𝑓

𝜑

(
𝛾 𝑓

log𝐶 𝑓

2𝜋

)
,

where zeros are counted with multiplicity. For a finite subfamily F (𝑄) = { 𝑓 ∈ F : 𝐶 𝑓 = 𝑄} or { 𝑓 ∈ F : 𝐶 𝑓 ≤ 𝑄},
the family statistic is the averaged one-level density

𝐸 (F (𝑄); 𝜑) = 1
|F (𝑄) |

∑︁
𝑓 ∈F(𝑄)

𝐷 ( 𝑓 ; 𝜑).

The Katz–Sarnak prediction is that, as𝑄 → ∞, this average tends to an integral of 𝜑 against the density attached to the
symmetry type. On the random matrix side, the candidate symmetry types are𝑈 (𝑁),𝑈𝑆𝑝(2𝑁), 𝑆𝑂 (2𝑁), 𝑆𝑂 (2𝑁+1),
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and 𝑂 (𝑁). The full orthogonal group models families in which both signs of the functional equation occur, while the
two special orthogonal groups model the corresponding fixed-sign subfamilies; the odd orthogonal case has a forced
eigenvalue at 1, matching a negative sign. If 𝑚 = 𝑚(𝐺 (𝑁)) denotes the matrix size of the group 𝐺 (𝑁), for example
𝑚(𝑈 (𝑁)) = 𝑁 , 𝑚(𝑈𝑆𝑝(2𝑁)) = 2𝑁 , 𝑚(𝑂 (𝑁)) = 𝑁 , and 𝑚(𝑆𝑂 (2𝑁 + 1)) = 2𝑁 + 1, then the random matrix local
scaling is by 𝑚/(2𝜋). For 𝑔 ∈ 𝐺 (𝑁), order its eigen-angles as 0 ≤ 𝜃1 ≤ · · · ≤ 𝜃𝑚 < 2𝜋 and extend them periodically
by 𝜃 𝑗+ℓ𝑚 = 𝜃 𝑗 + 2𝜋ℓ. The matching one-level statistic is

𝐷 (𝑔; 𝜑) =
∑︁
𝑗∈Z

𝜑

(
𝑚𝜃 𝑗

2𝜋

)
,

and its Haar average is

𝐸 (𝐺 (𝑁); 𝜑) =
∫
𝑔∈𝐺 (𝑁 )

𝐷 (𝑔; 𝜑)dHaar𝑔.

The density comparison says that

lim
𝑁→∞

𝐸 (𝐺 (𝑁); 𝜑) =
∫
R
𝜑(𝑥)𝐷𝐺 (𝑥)d𝑥.

Katz–Sarnak [16, Theorem A.D.12.6] computed the large-𝑁 one-level scaling densities near 1 for the classical
compact groups. For compactly supported test functions, the limiting densities have the form

𝐷𝑈 (𝑥) = 1,

𝐷𝑈𝑆𝑝 (𝑥) = 1 − sin 2𝜋𝑥
2𝜋𝑥

,

𝐷𝑂 (𝑥) = 1 + 1
2
𝛿(𝑥),

𝐷𝑆𝑂 (even) (𝑥) = 1 + sin 2𝜋𝑥
2𝜋𝑥

,

𝐷𝑆𝑂 (odd) (𝑥) = 𝛿(𝑥) + 1 − sin 2𝜋𝑥
2𝜋𝑥

.

Thus unitary symmetry has no special behavior at the central point, symplectic symmetry repels zeros from the center,
and odd orthogonal symmetry includes a forced central zero. These distinctions are invisible in the high-zero CUE
statistics of a single 𝐿-function, but they are visible when the family is averaged.

As with Montgomery’s conjecture, known results in this subject tend to require some support condition on the types
of test functions involved, for example, Iwaniec–Luo–Sarnak (2000) [15] and Fouvry–Iwaniec (2003) [4]. However,
Katz–Sarnak (1999) [16, 17] carried out their philosophy successfully in function fields, where more is known, such
as RH. Based on observations in function fields and partial results, we have the following example classifications:

Table 1: Examples of Katz–Sarnak symmetry types
Family F Limit Symmetry type

{primitive 𝜒 mod 𝑝} 𝑝 → ∞ Unitary
{𝜒𝑑 = ( 𝑑· ) : 𝑑 ∈ D(𝑋)} 𝑋 → ∞ Symplectic
{weight 𝑘 Hecke eigenforms on 𝑆𝐿2 (Z), 𝑘 ≥ 2 even} 𝑘 → ∞ Orthogonal

Here D(𝑋) is the set of fundamental discriminants 𝑑 with |𝑑 | ≤ 𝑋 . For the weight 𝑘 Hecke eigenforms in the
orthogonal family, the sign of the functional equation is (−1)𝑘/2. Thus, 𝑘 ≡ 0 (mod 4) corresponds to 𝑆𝑂 (2𝑁), while
𝑘 ≡ 2 (mod 4) corresponds to 𝑆𝑂 (2𝑁 + 1); combining both congruence classes gives 𝑂 (𝑁) symmetry.

For a self-dual family with non-negative central values, moments are modeled by the corresponding characteristic-
polynomial integral ∫

𝑔∈𝐺 (𝑁 )
det(𝐼 − 𝑔)𝑘dHaar𝑔, (4.2)

where 𝐺 (𝑁) is the compact group attached to the family.
For unitary families, whose central values are generally complex, one instead considers absolute moments or mixed

moments and uses the corresponding moments of complex characteristic polynomials.
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4.2 Moments of Central Values after Katz–Sarnak
As in the case of 𝜁 (𝑠), the conjectural asymptotic for the family moments in (4.1) has the form

1
|F (𝑄) |

∑︁
𝑓 ∈F(𝑄)

𝐿

(
1
2
, 𝑓

) 𝑘
∼ RMT coefficient × arithmetic factors × power of logs.

The RMT coefficient comes from the Katz–Sarnak symmetry type. Arithmetic factors come from the Euler product
for 𝐿 (𝑠, 𝑓 ). The exact power of logs depends on the statistics of log det(𝐼 − 𝑔).

In the rest of this subsection, we illustrate this recipe only for the quadratic Dirichlet family F (𝑋) = {𝜒𝑑 : 𝑑 ∈
D(𝑋)}, whose Katz–Sarnak symmetry type is symplectic.

For this family, the random matrix model is𝑈𝑆𝑝(2𝑁). Keating–Snaith [18] computed the corresponding statistics.
In this model, log det(𝐼 − 𝑔) is approximately normal with mean 1

2 log 𝑁 and variance log 𝑁 . The mean spacing of
low-lying zeros is 2𝜋

log 𝑋
. Equating this with 2𝜋

2𝑁 gives 𝑁 ≈ 1
2 log 𝑋 .

Although the analogue of Selberg’s CLT for this family remains conjectural, the following heuristic is due to
Soundararajan [30, §3]:

log 𝐿
(

1
2
, 𝜒𝑑

)
≈

∑︁
𝑛≤𝑥

Λ(𝑛)
√
𝑛 log 𝑛

𝜒𝑑 (𝑛)

≈
∑︁
𝑝≤𝑥

𝜒𝑑 (𝑝)√
𝑝

+ 1
2

∑︁
𝑝≤

√
𝑥

𝑝∤𝑑

1
𝑝
≈

∑︁
𝑝≤𝑥

𝜒𝑑 (𝑝)√
𝑝

+ 1
2

log log 𝑋, 𝑥 = 𝑋𝑐,

The moments of the prime sum satisfy

1
|D(𝑋) |

∑︁
𝑑∈D(𝑋)

(∑︁
𝑝≤𝑥

𝜒𝑑 (𝑝)√
𝑝

) 𝑘
=

∑︁
𝑝1 ,..., 𝑝𝑘≤𝑥

1
√
𝑝1 · · · 𝑝𝑘

· 1
|D(𝑋) |

∑︁
𝑑∈D(𝑋)

𝜒𝑑 (𝑝1 · · · 𝑝𝑘). (4.3)

The inner sum
1

|D(𝑋) |
∑︁

𝑑∈D(𝑋)
𝜒𝑑 (𝑛)

is essentially an indicator for squares, so (4.3) goes to zero for odd 𝑘 . For even 𝑘 , there are exactly

(𝑘 − 1) (𝑘 − 3) · · · 1 =
𝑘!

2𝑘/2 (𝑘/2)!
ways to group 𝑘 objects into 𝑘/2 pairs, so (4.3) is

≈ 𝑘!
2𝑘/2 (𝑘/2)!

(∑︁
𝑝≤𝑥

1
𝑝

) 𝑘/2

∼ 𝑘!
2𝑘/2(𝑘/2)!

(log log 𝑋)𝑘/2.

Therefore, log 𝐿 ( 1
2 , 𝜒𝑑) may be regarded as normal with mean 1

2 log log 𝑋 and variance log log 𝑋 . Thus, we can model
𝐿 ( 1

2 , 𝜒𝑑) via det(𝐼 − 𝑔).
The RMT calculation gives∫

𝑈𝑆𝑝 (2𝑁 )
det(𝐼 − 𝑔)𝑘dHaar𝑔 ∼ 2𝑘2/2 𝐺 (1 + 𝑘)

√︁
Γ(1 + 𝑘)√︁

𝐺 (1 + 2𝑘)Γ(1 + 2𝑘)
𝑁 𝑘 (𝑘+1)/2.

The arithmetic factor is

𝑎𝑘 =
∏
𝑝

(
1 − 1

𝑝

) 𝑘 (𝑘+1)/2
(

𝑝

2(𝑝 + 1)

[(
1 + 1

√
𝑝

)−𝑘
+

(
1 − 1

√
𝑝

)−𝑘]
+ 1
𝑝 + 1

)
.

Therefore, the Keating–Snaith conjecture for 𝐿 (𝑠, 𝜒𝑑) [18] is

1
|D(𝑋) |

∑︁
𝑑∈D(𝑋)

𝐿

(
1
2
, 𝜒𝑑

) 𝑘
∼ 2𝑘2/2 𝐺 (1 + 𝑘)

√︁
Γ(1 + 𝑘)√︁

𝐺 (1 + 2𝑘)Γ(1 + 2𝑘)
· 𝑎𝑘 (log

√
𝑋)𝑘 (𝑘+1)/2.
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[8] G. H. Hardy and J. E. Littlewood. On Lindelöf’s hypothesis concerning the Riemann zeta-function. Proc. Roy.
Soc. London Ser. A, 103:403–412, 1923. 10

[9] A. J. Harper. Sharp conditional bounds for moments of the Riemann zeta function, 2013. arXiv:1305.4618. 10

[10] W. Heap. On the splitting conjecture in the hybrid model for the Riemann zeta function. Forum Math., 35(2):329–
362, 2023. 9

[11] W. Heap, M. Radziwill, and K. Soundararajan. Sharp upper bounds for fractional moments of the Riemann zeta
function. Q. J. Math., 70(4):1387–1396, 2019. 10

[12] W. Heap and K. Soundararajan. Lower bounds for moments of zeta and 𝐿-functions revisited, 2020.
arXiv:2007.13154. 9

[13] D. R. Heath-Brown. Fractional moments of the Riemann zeta function. J. London Math. Soc., 24(1):65–78, 1981.
Second series. 9, 10

[14] A. E. Ingham. Mean-value theorems in the theory of the Riemann zeta-function. Proc. London Math. Soc.,
27:273–300, 1926. 6

[15] H. Iwaniec, W. Luo, and P. Sarnak. Low lying zeros of families of 𝐿-functions. Publ. Math. Inst. Hautes Études
Sci., 91:55–131, 2000. 11

[16] N. M. Katz and P. Sarnak. Random Matrices, Frobenius Eigenvalues, and Monodromy, volume 45 of Amer. Math.
Soc. Colloq. Publ. American Mathematical Society, Providence, RI, 1999. 10, 11

[17] N. M. Katz and P. Sarnak. Zeroes of zeta functions and symmetry. Bull. Amer. Math. Soc., 36(1):1–26, 1999.
New series. 10, 11

[18] J. P. Keating and N. C. Snaith. Random matrix theory and 𝐿-functions at 𝑠 = 1/2. Comm. Math. Phys.,
214(1):91–110, 2000. 12

[19] J. P. Keating and N. C. Snaith. Random matrix theory and 𝜁 (1/2+ 𝑖𝑡). Comm. Math. Phys., 214(1):57–89, 2000.
1, 7, 8

[20] M. L. Mehta. Random Matrices, volume 142 of Pure and Applied Mathematics. Elsevier/Academic Press,
Amsterdam, 3 edition, 2004. 4

[21] H. L. Montgomery. The pair correlation of zeros of the zeta function. In Analytic Number Theory, volume 24 of
Proc. Sympos. Pure Math., pages 181–193. American Mathematical Society, Providence, RI, 1973. 2

13



[22] M. Radziwill and K. Soundararajan. Continuous lower bounds for moments of zeta and 𝐿-functions. Mathematika,
59(1):119–128, 2013. 9

[23] K. Ramachandra. Some remarks on the mean value of the Riemann zeta function and other Dirichlet series. I.
Hardy–Ramanujan J., 1:15, 1978. 9

[24] K. Ramachandra. Some remarks on the mean value of the Riemann zeta function and other Dirichlet series. II.
Hardy–Ramanujan J., 3:1–24, 1980. 9

[25] Z. Rudnick and P. Sarnak. Zeros of principal 𝐿-functions and random matrix theory. Duke Math. J., 81(2):269–
322, 1996. 6, 10

[26] A. Selberg. Remarks on a multiple integral. Norsk Mat. Tidsskr., 26:71–78, 1944. 7

[27] A. Selberg. Contributions to the theory of the Riemann zeta-function. Arch. Math. Naturvid., 48(5):89–155,
1946. 6

[28] A. Selberg. Old and new conjectures and results about a class of Dirichlet series. In Proceedings of the Amalfi
Conference on Analytic Number Theory, pages 367–385. Univ. Salerno, Salerno, 1992. 6

[29] K. Soundararajan. Moments of the Riemann zeta function. Ann. of Math., 170(2):981–993, 2009. Second series.
10

[30] K. Soundararajan. The distribution of values of zeta and 𝐿-functions. In Proceedings of the International
Congress of Mathematicians 2022, volume 2, pages 1260–1310. EMS Press, 2022. 12

[31] K.-M. Tsang. The Distribution of the Values of the Riemann Zeta-Function. PhD thesis, Princeton University,
Princeton, NJ, October 1984. 6

[32] J.-L. Waldspurger. Sur les coefficients de Fourier des formes modulaires de poids demi-entier. J. Math. Pures
Appl., 60(4):375–484, 1981. Ninth series. 10

14


	Montgomery's Conjecture
	Circular Unitary Ensemble
	Distribution of Eigenvalues
	Correlation of Eigenvalues

	Values of zeta(s) on Re(s)=1/2
	Selberg's Central Limit Theorem
	Moments of |zeta(1/2+it)|
	Characteristic Polynomials in CUE
	Hybrid Model
	Progress towards Moments of |zeta(1/2+it)|

	Generalization to L-functions
	Low-Lying Zeros and the Katz–Sarnak Philosophy
	Moments of Central Values after Katz–Sarnak

	References

